We develop here a rather complete theory of ,separable operators utilizing several powerful analytic techniques recently developed. Although these techniques per se are of largely academic interest for two-particle scattering, they are of great utility in analyzing multiparticle and multichannel theories where two-particle amplitudes appear as components of the kernels. Three-particle scattering, being a more sensitive probe of pair interactions than on-shell two-particle scattering, requires considerably more sophisticated analysis to avoid severe model dependence from approximation schemes.
The occasionally impressive disagreement of some recent three-particle calculations suggest that calculation schemes in such off-shell theories may define rather than approximate the underlying dynamics.
Separable approximations are especially useful in reducing the high dimensionality of three-and multi-particle integral equations. Several recent models have exploited dominant bound state or isobar terms to achieve a simple calculational framework. We
show that significantly more information from two particle subsystems may be incorporated while maintaining separability. It is both feasible and necessary to incorporate continuum scattering in such models if in addition to achieving a practical calculation program we are to respect either particular analytic structure of pair interactions or the known experimental data.
We develop our analysis about three concepts: the Schmidt dissection procedure in Fredholm theory, eigenvalue analysis of the scattering kernel, and variationally optimized non-local approximations to local operators. The resulting formalism gives as limiting cases several models for multiparticle scattering such as
Weinberg's quasiparticle formalism and the three-particle isobar model. Our analysis reveals the limitations of such models and provides optimal methods for their systematic improvement and extension.
To motivate our study, Section II presents a brief summary of relevant basic concepts of Fredholm methods and multiparticle scattering theory. Finite rank operators and the Schmidt dissection procedure are introduced in Section III; their relation to the quasiparticle method is derived in Section IV. We treat separable potentials in Section V in a variationally optimized formalism. Finally we discuss the choice of separable operators in Section VI. As a typical application of our formalism the three-particle isobar model is discussed in Section VII.
-3- The uniform convergence of the matrix elements of the Born approximation scattering amplitude in energy as well as initial and final momentum is guaranteed by the
The finite norm r likewise justifies the Fredholm series for the resolve& In order to guarantee a finite norm in Eq. (2.6) a hierarchy of concepts must be accommodated as the particle number n of the system is increased: (a) for n = 2 the finite norm is essentially a constraint on the interaction as we show below, (b) for n > 2 the kernel must have a connected structure as we shall discuss, and (c) for n > 3 kernels for disjoint subsystems must be coupled by convolutions.
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Possible infinite norms relevant to our methods may be avoided by appropriate modification of the resolvent, a general representation for which is that of Sugar 2 and Blankenbecl er : point more fully in Section III. In this context, the choice between non-local approximation to the operator T rather than the potential is a matter of practicality rather than principle . In our treatment the choice of T is especially useful for understanding the formal structure, while separable potentials are the more natural choice for practical utilization of scattering data.
Our development yields both a practical separable formalism and complete utilization of data both for bound states and continuum scattering.
III. FINITE RANK OPERATORS
We derive our methods from the theorem I,7 that a completely continuous operator K may be uniformly approximated by a finite rank operator K n ; i.e., for a given E > 0 there exists a Kn for which
The rank is defined as the minimum integer n for which an operator may be ex-
V=l where x,y denote vectors of arbitrary dimension.
We now apply the dissection process In isobar models the separable terms of the dissection are assumed to be sufficiently dominant that the remainder term may be ignored. These models will be considered in subsequent sections.
A. Dissection Process
Consider the decomposition of the kernel
where P is a separable operator of rank n:
The bound of Eq. (3.1) then becomes a bound on the operator Q: rV+_PT .
In terms of the eigenvalue analysis of Section II, we reduce the operator Q of Eq. (3.5) such that the norm of its largest eigenvalue is less than unity. The resolvent now is given by n (l+RQ) I/J > N,,,, < VI (l+RQ)' (3.8) where the inverse of the kernel 1 -g is given in terms of its determinant and adjoint:
(3.9) (3.10)
From Eqs. (3.5, 3.6), we see that in the limit e-0, the modified resolvent becomes separable. We note that our resolvent differs from the simplest pole approximation in that the separable term of Eq. (3.8) incorporates knowledge of the non-separable portitins of the kernel decomposition of Eq. (3.3). As we shall see, this is equivalent to modification of bound state pole terms by the continuum scattering.
B. Spectral Decomposition
We introduce physical content into the preceding formalism by expressing the partial wave scattering operator T T=V+VGV (3.11) in terms of the full Green's function G with the spectral decomposition 10
G&p, q:s) =x
where s' = k' 2, qn is the nth bound state wavefunction for a given partial wave, and 9 (s;p) is the p-space Fourier transform of the continuum wavefunction for energy s > 0. The scattering operator then becomes:
The where
In terms of these operators, the on-shell scattering operator satisfies the nonsingular integral equation (in operator notation)
while the general off-shell operator assumes the form
The amplitude is rigorously separable in the limit R = A = 0; F = W, which implies V is a rank one separable operator.
In this limit, the on-shell operator Eq.
(3.16) yields the Schwinger variational amplitude for plane-wave trial wavefunctions 13
The remainder term vanishes for the half on-shell operator
revealing a useful interpretation of the F functions:
From this relation, the analytic structure of F and subsequently the separable Our goal is an optimal separable system, while Weinberg sought a minimal separable operator to achieve a convergent perturbation series; further reduction improves the convergence. We apply the eigenvalue analysis developed by
Weinberg to guide our choice of separable terms.
The quasiparticle transcription of our dissection process follows from our modified resolvent of Eq. Thus the eigenvalue analysis determines, in addition to the minimum reduction for the quasiparticle method, a hierarchy of reduction terms to reduce the nonseparable residue K Q to arbitrarily small norm, which is our goal.
Realistically it is no more difficult to obtain a numerical solution to the two- subject to the constraint that the summation is of a definite sign for p > 0.
Other modifications, such as the introduction of energy dependence 22 into the potential have also been proposed to optimize data fitting for this single non-local interaction.
In contrast, our development utilizes operators of arbitrary rank.
This enables incorporation of significantly more experimental information.
B. Variational Methods
We now develop variationally a separable approximation to a given potential. Our treatment parallels the methods used by Sugar and BlankenbeclerZ to determine upper and lower bounds on scattering phase shifts and binding energies. The approximate phase shift 6' is then determined from the plane-wave expectation value tan 6' (p) =< plKsI p > . (5.8) In the' foregoing equations P denotes principal part for the free Green's function We remark that our techniques, as did those of Mitra, optimize approximations for on-shell amplitudes; it is evident from the remarks leading to Eq. (5.5) that the crucial element in our derivation is the on-shell expectation value. Off-shell, such proofs and bounds cannot be obtained by these methods; however, our optimization and the improvable approximations will make maximum use of the on-shell scattering information.
We next discuss choices for the subspace of test functions I Q! > ;
subsequently we consider specific application of our method to the isobar model.
I VI. CHOICE OF SEPARABLE FUNCTIONS
Our foregoing analysis provides a guide for choices of optimal test functions for separable approximations. We distinguish between formal and practical choices.
From our spectral representation of Eq. (3.13) we saw that dominant bound states or resonances provide plausible estimates to a separable approximation.
The eigenvalue analysis of Section IV formalized such a selection into a hierarchy of eigenvalues and eigenfunctions of the kernel which provides a systematic reduction.
In the limit of accommodating all eigenfunctions, the system becomes completely separable.
As noted previously, knowledge of the eigenfunction sequence is of no advantage for two-particle calculations, but is useful for approximating the amplitudes in off-shell multiparticle kernels.
The eigenvalue approach also provides a successive approximation scheme A typical example is provided by the s-wave trial function 18a which incorporates correct threshold and asymptotic behavior: numerous calculations have subsequently been undertaken for a wide range of three-particle systems, e.g., 3N, 3n, N~TT, etc. We shall not be concerned with particular calculations, but rather consider the present approximation in the context of our general theory.
The obvious limitation of any single pole model has been pointed out in Section III:
the pair amplitude contributes to the three-particle kernel over an infinite range of the pair energy so the concept of a dominant term in the spectral representation of Eq. (3.13) is at best vague. These remarks by no means preclude a valid calculation for particular systems of particles and well defined ranges of parameters (e.g., the three-nucleon system), but suggest that considerable attention should be given to the validity of off-shell approximations.
We observe that if the single form factor in Eq. The success of typical "quasi-Born" calculations considered in Section IV suggests that even for the simplest two-particle systems a rank-one approximation may be of limited value, even if selected optimally. Our formalism enables convenient "testing" of low-rank isobar approximations by facilitating the incorporation of additional information from the pair subsystem.
